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y1 = h1(x) = αx

Cp1

1

Cp1

3

+ υ1(t)

y2 = h2(x) = αy
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u1

`6Y4gqjF`�Y[i=l�Zneporg�\^]WiWY4g�_c`
u2

Z[fts^_c`�bubc`*g�Yv_ciWwAi�e R
ω ∈ N(0, Q)

`
υ ∈ N(0, R)
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[k] +C p1

3
[k]u2[k]
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[k]

Cp1
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1 [k] = αx
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1 0 u2[k] 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0

−u2[k] 0 1 0 0 0 0 0 0
0 0 0 1 0 u2[k] 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 −u2[k] 0 1 0 0 0
0 0 0 0 0 0 1 0 u2[k]
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 −u2[k] 0 1
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V =
∂ h

∂ υ
= I(6)
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POQ�R4SUTWV�XZY*[]\_^a`�bdcfeIe�`hgUcfihe�j�kflImon]e�j�p�lq`srtcobdcfeIeuj�kwvqlxm�jybdcfexezc5{|`1`si}bslIrtj6v~c%lIr�v~cfiwrtj
�������
�O��TO�zV��U���W��T}Q���Q��4�U���U��Q]�K���d���w�UQd��VsT}��T}Qu�C��T}Q��5���L�W��Vs�]�KV6T�Y []Y*� YO�~�]�U���d����� ��� iwiW`siWk�K�aQ���SU�W��Qu�|V��zVa�UQu�=��T}���U��V��}TWVaQ¡ 6V6���4T}Q��}�}Qz��V¢�WQ �£T}��V6��Q��U�������£���d�4T}�UQ��KVs�W�y�K�������

�C��Vs�WSUT}��� Q����W��T��KVy¤_¥�¦�Y

§©¨«ª ¬�­�®�¯©°�±h²�­�³%´�­
µ �KV6��Q�����QzVs�����4TWV�Q]T}Q��WSU�u�|V¢�WQZ�s�}�W���]SZ�WQ]Q��/�WQ��%SK�zVs��Q��6�U�¡���4�/��¶ V6�U�U��Q���V6��Q��4�U�¡�U���]·K�u�WT��
�UQ�¸�V6����V6�E�����W���W��V6���zV©���WQ���V©�U�������/���d�4T}�UQ��KV¢�W�/�K�������%�C��Vs�WSUT}����Q��(�W��T}�KV©�}�4��Q��KV6���
V6��T}�4�t�s��Y¹�º�KV6TWVs���f�WT}Q��}�4�U�5QA�}��R4SU���d�WQ��t��T��}SU���W�������}Q��/SU�zVs��Q��6�UQq\

• » ���5�t�5�UQA�}Q��/SU�zV6��Q��4�U�6\¹¼¢½«¾L¼4¼o�}���
• ¿ �W���y�WQ����6\º¼]Y�Àh�}���
• ¿ �6�� 4��Tf\¹�d�U�6À�Á�Â¹SU����T|Ã

Ä ÅIÆ_ÅÈÇ É�Ê}ËÍÌ�Î�ÏÑÐ�ÊÈÒ¹Ó�ÔÕÇ
���KVs�}QAT}���zVs�WQu ]Q�Vs���zVo�WQ��%SU�zV6��Q��4�U���}�4�U�U\
Ö M�M:×sØG@CN�HZÙ1Ú(@CNG@IJd@IH:FC@º×¢ÚdHKFC@¡Ø�Ú]FCFIÚÜÛ«ÚdHUÙ1D�×¢Ú \

•
CP1 = [−100 40 700]mm

;:Ý



Þ�ß¹à=á¢âCãaä3å�æ]çCçIæ(è4é�é:êsåGâCë�äZá1æ(å�æ]çCçCæÜì«ædäZá¢í�ê¢æ(âCëîá�ædêsë�ä3ï�étçCâCå�äKçIæ(äKçºê¢é:ðÑéKá
è4étë�ñ�çxá1ê1éòåGâ�ó£äKçCãaä:ë

•
CP2 = [−80 − 80 850]mm

•
CP3 = [−90 50 900]mm

ô é�é:ê¢åGâ�ë�äZá1æ(âCëGâIõdâIäKçCâ¡ïfá1âCã3äZá�æEå�æ]çCçIæÜì~ædäZá1íGê1æ÷ö
•

CP1st = [−375 150 2625]mm

•
CP2st = [−150 − 150 1594]mm

•
CP3st = [−270 150 2700]mm

ô étëtá�ê¢étçCçCâºä:çºê¢é:ðÑéKá
(u1, u2) = [40mm/s, 0r ad/s] øKùUú�û üwýUþºÿUùKû��Uþ����zþ��Cþ�û��Wÿ
	}þ

	Wû��
����ÿUù��6þ������:ú
	��Uú��Uþ�����ú��}üwýUþ�	��5ú�þ (u1, u2) = [−40mm/s, 0r ad/s] øKùUú
û����zû��tú���������ú4ùUþ���ù
�����zû���þ��Uþ�����þ��Cþ�û��Wÿ
	}þ��Zû�� �}þ�	}ùKû!��� "6û��5þ�ù#�Wþ øKùUú/û����xû�øKùUþ��Uþ����zû
�����%ÿ
�zû�����ú4ùUþ�$

% íOãaé:ê1æEï�íGçCçIæ(ã3â�ï�í�ê1æ'& þ�	�ú
�4ù
��ü�údú
	��
��ùKû��Wû(�Kþ��)�UÿUù#�Wú*�}ÿ
���,+ ���-��û��
��ùUþ.���0/
û��
���zÿUù1�Wú%ÿKù2	}ÿ
�5ú�	}þ)�4û6ÿ
�����zûsùKú3�
�4��þ��
�zû%ùdÿ
���zû%þ�"6û�	��zûsù���û σ2 = 0.1pixel 5

% íOãaé:ê1æEï�íGçCç76uéAå�étãaæLá1êsâIä
σ2

l = 0.1mm �tþ�	���ú8���tú
�9�|û��5þ�ù#�Wú8����ùUþ�û�	}þ�þ σ2
a =

0r ad �tþ�	:��ú;���tú����|û��5þ�ù1�Wú�û6ù
�6ú
�zû�	}þ�5
< äZá1êsâCè4â¡åGâ�è4é>=UäUêsâIäKë�õLä

Q = 10 ∗ eye(9) þ R = 10 ∗ eye(6) $
? þ�����þ¡ø��4ÿ
	}þ @>$ @ � @A$ B þ @>$DC /:	9���tú
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ú
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LNMPO�QSRUTWVYX[Z�\U\�Z^]J_N_D`�XaRUb[V�Q�Z^X[Z�\U\UZ@c?Z2V�QSd[`SZ^RUbeQ<Z2`�b[VYf6_0\URUX[V
\�Z^V
\g`S_DhK_
Q
]J_0bjik\lQ�`�_mXaRonpV
\UTWVDb

q�r�s�t
u$v*w*xHy�z|{�}6y�~6xJz�xF{$uFy�v�u<{$u�v2�/yaz�}8�/�"y���}8w*}<z�z�}8~<x2xJ�/w*y�v
uS�"} Cpi
1

} Cpi
2 � }6����Jy�xJ�"u�v*x*�0��}<v��"�/}���y��Jz�y�x$�"u$v*xHs�t
u�v*w
xHy�z[{J}<y�~6xJz�xF�"x$�/v
uHy�v*w*y�}��"�/x*r��1v�{�}6~6}�z+u

�/�"y��Fu^w*}<z�z+u^~6x�x$�/w*y�v
u��.u Cpi
3

��y��$z�y+x$�"u^�"}6� � �/}$�P~<x$v�~6xJv2{J}<���J}6v*��u^��y��Jz�y�x���/}�s�t
u$v*w*x:y�zK�/xJ�Dx$�){$u>y�vYu<{$u$v��"yCrF��}<z � u��6r q�r � ���/y � xJ���.uS�.u:t*v
u � xJ�/�"y��*y�z�}y+v��"}6� � �/}��.u$�6y�xJv*}�w*y|s2t*}<���"x�~6xJ� � x$���.u$��}6v2�"x��
� r�zlu-��t*v
�6y�x$v
}�w*y��/�.u�v*��u�q$�-�

|CPi −
C Pist| =

√

(Cpi
1 −

C pi
1st)

2 − (Cpi
2 −

C pi
2st)

2 − (Cpi
3 −

C pi
3st)

2� q�r��J�
�-��xJv*x��"xJv
uHw*}6~<��}<�/~6}<v��"}$��y�v*w*y�~�u�v*w*x=~!�*}�u�w�x$�Jv*y � u$�/�"x=y�z[�
z3�"�/x=��y��Jz�y�x$�"uzlu����"y��Fu��Jz�x$�Du�z�}Jr

�������C  ¡�¢�£¥¤5¦�§K¨�¢�©Pª�«¬ 
�1vWs�t*}6���.u:�"y���t*z+u$�6y�xJv*}�w
y+u���xpt*vY~6xJv��"�/xJz�z�x:w
y3{J}<�/�/x@u�zP�/x$�0x$�<�8u$�J�$y+t*v*�$y+u$��xpz+u
~6xJ� � x$v
}6v��"}^u$v*�Jx$zlu��/}^u$z�z+uW{�}6z�x2~<y3�.­�r¥®K�/}6v*w*y+u$��x¯y�v°~6xJv*�/y�w
}6�"u��<y�x$v*}^z�}@�/�"}6�/�"}
�U}<u��"t*��})w*}6z+z+u��/y��-t*z+u��<y�x$v*}�±JrK�ow
uS�"y|�/}6z+u��/y3{�y|u$z�z+u��"y���t*z+u$�6y�xJv*})�/xJv*x�yN�"}6�Jt*}6v2�/yC�
² _N_D`SXaRCb[V�Q�Z^RUbaR�³2R�V
\URo`�Z2VD\URoX[Z�\U\UZ@c?Z2V�QSd[`SZ �

• CP1 = [−100 40 700]mm

• CP2 = [−80 − 80 850]mm

• CP3 = [−90 50 900]mm

² _N_D`SXaRCb[V�Q�Z^RUbaR�³2R�V
\UR´f�Q�RUTYV�Q<Z�X[Z�\U\�Z@c1Z2V�Q�da`�Z �

• CP1st = [−375 150 2625]mm

• CP2st = [−150 − 150 1594]mm

• CP3st = [−270 150 2700]mm

² _0b0Q<`S_0\U\URgVD\g`S_DhK_
Q �

• u1 = 40mm/s � }6��±SµF�/}6~-} u1 = −40mm/s � }6��±SµF�/}6~J��u$z3�"}6�/v
u��"yE�{$u���}<v��"}��
v*xFu$z�z+u-�
v*})w*}6z�z+u��"y���t*z+u$�6y�xJv*}$�
• u2 = 0.02 ∗ sin(2π ∗ 0.05 ∗ t)

�
¶ d&TW_D`�Z�f<da\U\�Z^TYRCf<d[`�Z ®&}6�>xJ�Jv*y·~<x2xJ�/w*y�v
u��"umw
}6z � t*v2�"x��/t*z�zC¸ y��F�Fu��Jy�v*}¹�/y��u$�J�$y+t*v��"x�t
v=�/t*��x$�/}·�Ju$t*�/�"y+u�v
x�w*y0�F}6w*y+u�v2t*z�z+u�}�{$u$�/y+u�v
�<u

σ2 = 0.1pixel
�

¶ d&TW_D`�Z�f<da\U\1º3_|X[_0TWZ�Q�`�R�V
σ2

l = 0.1mm � }6�8z�xp� � xJ���.u$��}6v2�"xpz�y�v*}<u$�/}F} σ2
a =

0rad � }6��z�x�� � x$�/�.u���}<v��"xFu$v*�$xJz+u$�/}$�
»D»
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Q = 10 ∗ eye(9) î R = 10 ∗ eye(6)
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� ]9Y�[��g`�Y�[^if`�]B_�X�U�T^TQU& (cdh(Y�U �|S^��� ¡|l�[,¢.`�Z\`kV�n(`�iWh\X�¢.`�]\Z\XW[^T,¢.`�[^V�X>T^XWZ(UdT^T5U£b,Xdl�[¤m��[^Xd]\`a¥¦UdT^T5U�§¨¡\`�¢|[^V�`/¢.`�Y�l�U;¡\T5UWl�_�[^ijUWV�X>].¢.`�Y�c>`k¢>`�Y�l�X�[^T�¢dU�T5XdY�`#Y�`�UdT^`dSP©z`#l�_�`�l�l�`V�Xd]\l�[^Z\`�Y�Ud��[^X>]\[\¢dU�T^c>X>]\Xal�` T5U#�A`�U�_�h\Y�` l�_�[5ijU�_�Uao b\[^ªf¢;[^V�[^](UaUdT^T5U#_�`�T^`�V�U�if`�Y�UaZ\`�T^T5U�g`�U�_�h\Y�`#Y�`�U�T^`«eA¢.`�Z\[� (c\S �|S^��� p�S
¬�­



®!¯P°�±�²g³7´¶µE·;¸g¸A·G¹>º!º)»�µH²g¼E´|±�·GµE·;¸g¸g·¾½�·B´|±�¿E»�·G²g¼À±�·B»�¼E´¶Á�º,¸g²gµE´(¸A·G´(¸�»�º)Â�º(±¹>º,¼ÄÃ
¸Q±�»�ºNµH²�ÅÆ´(¸g³7´)¼
Ç«È�É Ê7ËjÌ*ÍaÎ�Ï�Ð*Ð*ÍaÐ*Ï�Ë£Ñ9ÒÔÓ9Ò	Î¶Õ
Ë&Ö×ËaØ
Ù"Ú(Û�Ü.ÝdÞ�ß�Ûkà�ß�á^â«Û�ß�ã	Þ^ã*ä�Ý;Ýdå�æ\á^Ú)Û�ß�ã	æ\ã�Þ^Þ^ã*çAã�Û�ß�è\å�ã�à�á^ÚWß�ã�å�Ú(ÛWé�êkëìà�Ý>Þ^á^æ(Û�Þ^ã ÛdÞ|å�Ýdí,Ýdß�îïPð Ý>à�à�á^í\á^Þ^ãPÞ^Ý;ä�ÛdÞ^á^ñ�ñ�Ûdå�ãPá^Þ.å�Ý>í,Ý�ßHå�á^à ð ã/ß�ß�Ý�ÛdÞ^Þ5Û ð Ýdà�á^ñ�á^Ý>Ú\ãPá^Ú\á^ñ�á5Û�Þ^ãPß�å�Û�âfá�ß�ã�á.à�ã�òdè\ã�Ú.ß�áð Ûdà�à�á�ó
ô>õ"ö á,Ýdß�ß�ã�Ú\ò>ÝdÚ(ÝWá CPi

á^Ú\á^ñ�á5Û�Þ^á�÷gä�á^Ý ïkø è(ÛdÚ\æ\Ý�á^Þ�å�Ýdí,Ýdß ï á^Ú ð Ýdà�á^ñ�á^Ý>Ú\ã
(0, 0, 0) ùâjã�æ\á5ÛdÚ.ß�ãfÞ5Ûúã ø õ ÷ û õ û ù ãfÞ^ã ð Ý>à�á^ñ�á^Ý>Ú\á�á^Ú\á^ñ�á5Û�Þ^á�æ(ã�Þ^Þ^ã�çgã�Û�ß�è\å�ã�àaà�è\Þ ð á5ÛdÚ\Ýúá^â�üâ«Û�ò>á^Ú\ã«÷Aß�å�Ûdâfá�ß�ãaÞ�ý á^âfâjÛdòdá^Ú(ã#á^Ú\á^ñ�á5Û�Þ^ã ù�þ

û õ ÿ Û�á CPi = [Cpi
1

Cpi
2

Cpi
3]
à�á!Ýdß�ß�ã�Ú\òdÝ>Ú\Ýfá

W Pi = [Cpi
3

Cpi
2 −C pi

1] þ
�|õ"ö á�å�á^ä�Û�ÜdÛ¾Þ5Û ð Ý>à�ß�è\å�Û¾æ\ã�Þ�å�Ý>í,ÝdßWæ(Û�Þ^Þ^ã¨ã ø õ ÷ û õ � ù ã¨ã ø õ ÷ û õ�� ù õ�� ã�æ\á�ÛdÚ\ä��\ã«á^Þð Û�å õ û õ��;õ � õ

	EÛ ð å�ã�ä�á^à�á^Ý>Ú\ãWæ\ã�Þ^Þ5Û«Þ^Ý;ä�ÛdÞ^á^ñ�ñ�Ûdñ�á^Ý>Ú\ãWæ\á ð ã�Ú\æ\ãWæ(ÛdÞ^Þ�ý Ûdä�ä�è\å�Û�ß�ã�ñ�ñ�Û¨æ\ã�Þ^Þ^ãWà�ß�á^âfãWã�
�ã�ß�üß�è(Û�ß�ã õ
Ç«È
� �fØ��úÓ¨Ï�Ë Ó9Ò	Î�Î���Ë����zÒ*Õ��#Í&ÖúÏ/Î�Ï/Ø����×Ò*Õ�����Ò Í#Ø��¨Õ
Ò
� ¯ �¨¯ ófá^Ú ø è\ã�à�ß�ÝGã«Ú\ã�Þ�à�è(ä�ä�ã�à�à�á�Ü.Ý ð Ûdå�Û�ò>å�Û�çgÝ\î ð ã�åWä!�\á5Ûdå�ã�ñ�ñ�Û;î�è|ß�á5Þ^á^ñ�ñ�á5ÛdâfÝGè\Ú(ÛÚ\Ýdß�Û�ñ�á^ÝdÚ\ã#æ\á"
�ã�å�ã�Ú.ß�ã#å�á^à ð ã/ß�ß�ÝfÛdÞ^Þ5Û�Ú\Ý�ß�Ûdñ�á^Ý>Ú\ã#è\à�Û�ß�ÛWÚ(ã�Þ!å�ã�à�ß�Ý�æ(ã�Þ^Þ5Û£ß�ã�à�á�ó�á^Ú ð Ûdå�üß�á^ä�Ý>Þ5Ûdå�ã

x = [cp11
cp12

cp13]
T ï á^ÞzÜ>ã�ß�ß�Ý>å�ã&æ\áEà�ß�Û�ß�Ýjä�ÝdÚBß�ã�Ú\ã�ÚBß�ã£Þ^ã&ä�ÝBÝ>å�æ\á^Ú(Û�ß�ã&æ\áè\Ú ð è\Ú.ß�ÝfÚ\ã�Þ^Þ5Û�ß�ã�å�Ú(Û�à�Ý>Þ^á^æ(ÛdÞ^ãaÛdÞzå�Ý>í,Ýdß õ#� Û�Þ^ò>Ý>Ú\ÝfÞ^ãaà�ã�ò>è\ã�ÚBß�á!ä�Ý>å�å�á^à ð Ý>Ú\æ\ã�Ú\ñ�ã>ó

• Cpi
1 →

c pi1 þ
• Cpi

2 →
c pi2 þ

• Cpi
3 →

c pi3 þê�Ý>Ú\à�á^æ(ã�å�á5Û�âjÝfá^ÞEà�ã�ò>è\ã�ÚBß�ãaà�á^à�ß�ã�âjÛfá^ÚÆä�è\ázÞ^Ýjà�ß�Û�ß�Ýjä�Ý>Ú.ß�á^ã�Ú\ã&Þ^ãaä�ÝBÝ>å�æ(á^Ú(Û�ß�ã&æ\ã�Þ^Þ5Ûçgã�Û�ß�è\å�ã«÷gÚ\ã�Þ^Þ5Û�ß�ã�å�Ú)Û�à�Ý>Þ^á^æ(ÛdÞ^ãaÛdÞzå�Ý>í,Ýdß ù à�ä�ã�Þ�ß�Û ð ã�å	á^Þ!ß�å�Ûdä�$Bá^Ú\ò\ó






˙cp11

˙cp12

˙cp13





 =







0
0
−1





 u1 +







cp13

0
−cp11





 u2
÷ �|õ � ù

{

x1 = h1(x) = αx

cp11

cp13

y1 = h2(x) = αy

cp12

cp13

÷ �|õ�� ù
æ\Ý�Ü.ã#òdÞ^á!á^Ú\ò>å�ã�à�à�á�æ\ã�Þ�à�á^à�ß�ã�âjÛ�à�Ý>Ú\Ý�Þ5ÛWÜ>ã�Þ^ÝBä�á�ß!%WÞ5á^Ú\ã�Ûdå�ã

u1
ã#Þ5Û£Ü.ã�Þ5ÝBä�á�ß!%�ÛdÚ\ò>ÝdÞ5Ûdå�ã

u2
á^â ð å�ã�à�à�ã¾ÛdÞ å�Ýdí,Ýdß õ 	zã¾è\à�ä�á�ß�ãÆâjá^à�è\å�Û�ß�ãÆà�Ý>Ú\Ý¶Þ^ãÆä�ÝBÝ>å�æ\á^Ú(Û�ß�ã

(x1, y1)
æ\ã�Þ^Þ5Ûçgã�Û�ß�è\å�ãfà�è\Þ ð á5ÛdÚ\Ýúá^âfâjÛdò>á^Ú\ã¾÷gå�ã�Þ5Û�ñ�á^ÝdÚ(ã ð å�Ýdà ð ã�ß�ß�á^ä�Û ù õ'& ä�Û�â ð á
Ü.ã/ß�ß�Ý>å�á5Û�Þ^á�à�Ý>Ú\Ý

(*)



+-,/.103254�6�79816�:<;=;?>"8A@B@C:�DFEHG*IJ7=;=7K2FLNM#:�DPO�Q?:�GR2B4�DB:

g1 = [0 0 − 1]T S g2 = [cp13 0 −c p11]
T T

U SCVXW Y[Z
\^]H_H` Y[_HSCW Wba YcZ^ZdSCV
ecfcgH` W `"\!h�` iH` jC`/fck'Y[lCYmin` WAlFfcW lCYmW Y[_HSCW W Y[Zdo*fcjC` Y[_H`AYmZdZ^SCV
ecf5p
jF` YciHSmq

h1 = αx

cp11

cp13

h2 = αy

cp12

cp13

Lg1
h1 = αx

cp11

cp13
2

Lg2
h1 = αx

(cp11
2 +c p13

2)
cp13

2

Lg1
h2 = αy

cp12

cp13
2

Lg2
h2 = αy

cp11
cp12

cp13
2

Lg2
Lg1

h1 = αx

(2cp11
2 +c p13

2)
cp13

3

Lg2
Lg1

h2 = 2αy

cp11
cp12

cp13
3

r W `-SCW SFk'SCi�\d`-s*iHYtfc_uYmV^fvlFfcW lCYmW/fw\^`-oASCVdk'S�\d\^YmiHY'_H`-Z^lCVd`"exSCVdScq
O = h1, h2, Lg1

h1, Lg2
h1, Lg1

h2, Lg2
h2, Lg2

Lg1
h1, Lg2

Lg1
h2

y fwW lFYcW `/fck'Y'z<]H` iH_H`-W/f'lCYcVdVd` Z^o{YmiH_HSCi�\^S|lFY�_H` Zd\^V
` gH]*jC` YmiHS|_H`}YmZdZdSFV~emfwgH` W `"\!hRq
dO = span [dh1, dh2, dLg1

h1, dLg2
h1, dLg1

h2, dLg2
h2, dLg2

Lg1
h1, dLg2

Lg1
h2]

_HYBexScq

dh1 =

[

αx

cp13

, 0,−αx

cp11

cp13
2

]

dh2 =

[

0,
αy

cp13

,−αy

cp12

cp13
2

]

dLg1
h1 =

[

0,
αx

cp13
2
, 0,−2αx

cp11

cp13
3

]

dLg2
h1 =

[

2αx

cp11

cp13
2
, 0,−2αx

cp11
2

cp13
3

]

�}O
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�m�A�����K�B�B�����X���*�=�N�{�

dLg1
h2 =

[

0,
αy

cp13
2
,−2αy

cp12

cp13
3

]

dLg2
h2 =

[

αy

cp12

cp13
2
, αy

cp11

cp13
2
,−2αy

cp11
cp12

cp13
3

]

dLg2
Lg1

h1 =

[

4αx

cp11

cp13
3
, 0,−2αx

6cp11
2 +c p13

2

cp13
4

]

dLg2
Lg1

h2 =

[

2αy

cp12

cp13
3
, 2αy

cp11

cp13
3
,−6αy

cp11
cp12

cp13
4

]

���w�^�d /�c¡'¢t�c£-¤F�c£ ¤C¢m£ ¢'¥H¦C }¡'  §H¢m¨d 
3x3 ©

D1 = det







dh1

dh2

dLg1
h1





 = −α2
xαy

cp11

cp13
5

D2 = det







dh1

dh2

dLg1
h2





 = −αxα
2
y

cp12

cp13
5

D3 = det







dh1

dh2

dLg2
h1





 = 0

D4 = det







dh1

dh2

dLg2
h2





 = 0

D5 = det







dh1

dLg1
h1

dLg1
h2





 = α2
xαy

cp11

cp13
6

D6 = det







dh2

dLg1
h1

dLg1
h2





 = αxα
2
y

cp12

cp13
6

D7 = det







dh1

dLg1
h1

dLg1
h2





 = α2
xαy

cp11

cp13
6

. . .
ª  x«x¦C¥H¦�¤�¬H¦� �¡'  §H¢m¨d ��d <�c§H§<­H£ £/�w§H¢¯®A¦C¨

cp11 = 0
¦

cp12 = 0
¦�§H¢m§��d¢m§H¢¯¥H¦�°*§H "±^ �®A¦C¨

cp13 = 0 ²´³   �d  ¤F�c¡'¦F§x±^¦
cp12 = 0

  ¡t®H£   ¤F�u¤!¬H¦'  £#®*­H§x±^¢u¤�¬H¦'�d±^ /�w¡'¢�¢m�d�d¦F¨
«c�w§H¥H¢
µ  /�w¤F¦¶�d­H£ £/�·£   §H¦F�·¥H¦C£ £b¸ ¢m¨d  ¹C¹F¢c§�±^¦¶¥H¦C£ £/�P±^¦C£ ¦C¤F�c¡'¦C¨^� ² ª ¦¶  £X«x¦C  ¤C¢m£ ¢º�d »¡�­*¢B«m¦¶�^­H£

¼{½



¾-¿/À1Á3Â5Ã�Ä�Å9Æ1Ä�Ç<È=È?É"ÆAÊBÊCÇ�ËFÌHÍ*ÎJÅ=È=ÅKÂFÏNÐ#Ç�ËPÑ�Ò?Ç�ÍRÂBÃ�ËBÇ

ÓHÔ/ÕcÖH× [Xc, Zc] ØXÙ ÕºÚC×�×mÛdÜHÔ Ö*ÕwÝ!Õ cp12
ÖH×mÖ�ÚBÕwÞ[ßHÔ/ÕRà�Ô Ù ÓHáHÖ�Ýd×NÛdÔ ÞtÕcÖHâ�ãdá Ù Ù Õ Ù Ô ÖHâBÕ

ÜHâ Ù Ùbä ×cÛdÔ åFåC×mÖxÝ^â´ânÖH×mÖ�ÕcßHßHÔ/ÕcÞ'×PÖHâFãdãdáHÖ{Õ�Ô ÖRæ=×cÛdÞtÕcåCÔ ×mÖHânÜ*Õ Ù Ù Õ�Þ'Ô ãdáHÛ^ÕRç cp13 = 0Ô Þ'Ó Ù Ô ÚFÕ Ø Ô ÖxèxâCÚFâ Ø Ú�éHâtÔ Ù ÓHáHÖ�Ýd×�Ú!é*âtã
Ý^Ô/ÕcÞ'×�×mãdã^âCÛ
ècÕcÖHÜH×�ÕcÓHÓ*ÕcÛ~Ý^âFÖHêmÕuë*ãdÔ ÚBÕwÞ'âFÖxÝ^â
Õ Ù ÓHÔ/ÕwÖ*×uÔ Þ'ÞtÕcêmÔ ÖHâcàíì�áHâCãdÝ^×uî'Ô Þ'ÓA×cã^ãdÔ ßHÔ Ù âmçtï�âFÛ~Ý!ÕcÖxÝ^× Ø Ô Ù ãdÔ ã
Ý^âCÞ´Õnë*ãdÔ/ÚC×uÛdâFÕ Ù â'î
ã^âCÞ'ÓHÛdâí×cã^ãdâCÛ
ècÕcßHÔ Ù âcç

ïJâCÛ¯ÚFÕcÓHÔ Ûdâ[Þ'âCê Ù Ô ×nÔ Ù ÛdÔ ãdá Ù Ý!ÕwÝ^×´×cÝdÝ^âCÖ<áRÝ^×´ã^Ó{âFÚCÔ/Õ Ù Ô åCåCÔ/ÕcÞ'× Ùbä ÕcÖ*Õ Ù Ô ãdÔ�â�èmâFÜHÔ/ÕwÞt×
ã^â|Ô Ù ãdÔ ãdÝ^âCÞtÕvÛdÔ ÞtÕcÖHâí×cã^ãdâCÛ
ècÕcßHÔ Ù âíãd× Ù ×tÕFècÕcÖHåFÕcÖHÜH×'×cÓ*ÓHáHÛdâ|ã^× Ù ×tÛ
á*×wÝ!ÕcÖHÜH×Hç

ðòñ=óòñ~ô õ÷ö¯ø~ù-úûø
ö¯ü�ýHþ}ÿ<ÿ<ú�����þ��
ú»ù3ø��	�
�
ø~ö¯þ���ý*þ

 Ö�ì�áHâFã
Ý^×'ÚFÕcãd×'Ô Ù ãdÔ ãdÝ^âCÞtÕvÜHÔ"èxâCÖ�Ý!Õ<à







˙cp11

˙cp12

˙cp13





 =







0
0
−1





 u1 ��� ç ���

� ÕvÚC×<ÜHÔ ã
Ý^ÛdÔ ßHáHåFÔ ×cÖHâíÜHÔ}×cã^ãdâCÛ
ècÕcßHÔ Ù Ô"Ý��vÚ�éHâ|ã^Ô-×cÝdÝ^Ô âCÖHâíîcà

dO = span [dh1, dh2, dLg1
h1, dLg1

h2, ]

� áRÝdÝdÔ�Ô#ÞtÔ ÖH×cÛdÔ�Ú!éHâtã^Ô#×cÝdÝ^âCÖHêm×cÖH×�ã^×mÖH×�ÜHÔ"èxâCÛdãdÔ�Ü*ÕuåCâFÛ
×�ãdâ cp11 6= 0 â cp12 6= 0â'Ö*×cÖNã^×cÖH×�ÜHâ�ë{ÖHÔ"Ý^Ô#Ó{âFÛ cp13 = 0 � ãdÝ^âCãdã^â'ÚC×mÖHÜHÔ åCÔ ×mÖHÔ#×cÝdÝdâFÖ�áRÝ^â'Ô ÖNÓHÛdâFÚCâCÜHâCÖ*åFÕ���ç
ïJâCÛ
Ý!ÕcÖxÝ^×1Ô Ù ã^Ô ã
Ý^âCÞtÕ1Û
Ô Þ´ÕwÖHâP×mãdãdâFÛ
ècÕwßHÔ Ù âPÕcÓHÓ Ù Ô ÚFÕcÖHÜH×1Ô Ù ãd× Ù ×1Ô ÖHêmÛdâCãdã^×�èxâ Ù ×�ÚFÔ"Ý��
Ù Ô ÖHâBÕwÛdâmç

ðòñ=óòñ�� õ÷ö¯ø~ù-úûø
ö¯ü�ýHþ}ÿ<ÿ<ú�����þ��
ú»ù3ø��	�
��ö¯ü#ú����#ýHþ

 Ö�ì�áHâFã
Ý^×'ÚFÕcãd×'Ô Ù ãdÔ ãdÝ^âCÞtÕvÜHÔ"èxâCÖ�Ý!Õ<à







˙cp11

˙cp12

˙cp13





 =







cp13

0
−cp11





 u2 ��� ç ���

� ÕvÚC×<ÜHÔ ã
Ý^ÛdÔ ßHáHåFÔ ×cÖHâíÜHÔ}×cã^ãdâCÛ
ècÕcßHÔ Ù Ô"Ý��vÚ�éHâ|ã^Ô-×cÝdÝ^Ô âCÖHâíîcà

dO = span [dh1, dh2, dLg2
h1, dLg2

h2, ]

� áRÝdÝdÔXÔ�ÞtÔ ÖH×cÛdÔXÚ�éHâ´ã^ÔX×wÝdÝ^âCÖHêm×mÖH×Pãd×mÖH×Pã^âCÞ'ÓHÛdânáHêmá*Õ Ù ÔXÕ�åFâCÛd× Ø ÚFÔ ×�înãdânÔ Ù ãdÔ ãdÝdâ �
ÞtÕNÓHá"!Nã^× Ù ×�ÛdáH×wÝ!ÕcÛdâ�ÓAâCÛdÜHâ Ùbä ×mãdãdâFÛ~èmÕwßHÔ Ù Ô"Ý��Rç$# áHâCã
Ý^×�î�áHÖ�ÖH×wÝ^×�Û
Ô ã^á Ù Ý!ÕwÝd×�ÖHâ ÙÓHÛd×mß Ù âCÞtÕvÜ*â Ù Ù Õ[è<Ô ã^Ô ×mÖHâ�% � & ç

'{¾
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WYX[Z \^]?_a`cbIde`gfihIhDj�dlk5k�fnm?oqpsrab hIb ]?tvuwfnmyx{z>f�pq]?_cmQf�k
|�}F~7�"�I�[���3�G�����3���3�[���>���3�I��}������I}"�����V�I�7�����"��}K�>���V�"���:���G�>���"���I�Y�"���[����}D�����

x =
[cp11

cp12
cp13

cp21
cp22

cp23]
T �N� ���	��}"�����I�����"�"�I�	�����[���I���q����}"�q�������I���D�G����������}"�G�����

u1
���������I���D�G�����^�>}"���������[�

u2
���^�"���I�����������[���J��� �





















˙cp11

˙cp12

˙cp13

˙cp21

˙cp22

˙cp23





















=





















0
0
−1
0
0
−1





















u1 +





















cp13

0
−cp11
cp23

0
−cp21





















u2 ��  ��¡A¢�£



























x1 = h1(x) = αx

cp11

cp13

y1 = h2(x) = αy

cp12

cp13

x2 = h3(x) = αx

cp21

cp23

y2 = h4(x) = αy

cp22

cp23
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¤����"���I�������^�����"���.��������}"�l�����I�7�����"��}=�.���
(x1, y1)

�
(x2, y2)
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. . .

h3 = αx

cp21

cp23

h4 = αy

cp22

cp23

Lg1
h3 = αx

cp21

cp23
2

Lg2
h3 = αx

(cp21
2 +c p23

2)
cp23

2

Lg1
h4 = αy

cp22

cp23
2

Lg2
h4 = αy

cp21
cp22

cp23
2
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h1,h2,Lg1
h1,Lg1

h2,Lg2
h1,Lg2

h2 ¶ ° ·.°U¸>¹¨¸>²�º »7²¨ºD³[² ¶ °n¼.½¾µ[³�µ�¿Aµ[·I±¾µ
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dh1 =

[

αx

cp13

, 0,−αx

cp11

cp13
2
, 0, 0, 0

]

dh2 =

[

0,
αy

cp13

,−αy

cp12

cp13
2
, 0, 0, 0

]

dh3 =

[

0, 0, 0,
αy

cp23

, 0,−αy

cp21

cp23
2

]

dh4 =

[

0, 0, 0, 0,
αy

cp23

,−αy

cp22

cp23
2

]

dLg1
h1 =

[

αx

cp13
2
, 0,−2αx

cp11

cp13
3
, 0, 0, 0

]

dLg2
h1 =

[

2αx

cp11

cp13
2
, 0,−2αx

cp11
2

cp13
3
, 0, 0, 0

]

dLg1
h2 =

[

0,
αy

cp13
2
,−2αy

cp12

cp13
3
, 0, 0, 0

]

dLg2
h2 =

[

αy

cp12

cp13
2
, αy

cp11

cp13
2
,−2αy

cp11
cp12

cp13
3

, 0, 0, 0

]

dLg1
h3 =

[

0, 0, 0,
αx

cp23
2
, 0,−2αx

cp21

cp23
3

]

dLg2
h3 =

[

0, 0, 0, 2αx

cp21

cp23
2
, 0,−2αx

cp21
2

cp23
3

]

dLg1
h4 =

[

0, 0, 0, 0,
αy

cp23
2
,−2αy

cp22

cp23
3

]

dLg2
h4 =

[

0, 0, 0, αy

cp22

cp23
2
, αy

cp21

cp23
2
,−2αy

cp21
cp22

cp23
3

]
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• ë àIâIä�á�Ü�âIã"åKÞ [dh1, dh2, dh3, dh4, dLg1
h1, dLg1

h2]
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• $&%�'�(	)+*+'�,.-./ [dh1, dh2, dh3, dh4, dLg1
h1, dLg1

h3] /10203'�,.*54167/

det





















dh1

dh2

dh3

dh4

dLg1
h1

dLg1
h3





















= α4
xα

2
y

cp11
cp21

cp13
5 cp23

5

• $&%�'�(	)+*+'�,.-./ [dh1, dh2, dh3, dh4, dLg1
h1, dLg1

h4] /10203'�,.*54167/

det





















dh1

dh2

dh3

dh4

dLg1
h1

dLg1
h4





















= α3
xα

3
y

cp11
cp22

cp13
5 cp23

5

• $&%�'�(	)+*+'�,.-./ [dh1, dh2, dh3, dh4, dLg1
h2, dLg1

h3] /10203'�,.*54167/

det





















dh1

dh2

dh3

dh4

dLg1
h2

dLg1
h3





















= α3
xα

3
y

cp12
cp21

cp13
5 cp23

5

• $&%�'�(	)+*+'�,.-./ [dh1, dh2, dh3, dh4, dLg1
h2, dLg1

h4] /10203'�,.*54167/

det





















dh1

dh2

dh3

dh4

dLg1
h2

dLg1
h4





















= α2
xα

4
y

cp12
cp22

cp13
5 cp23

5

$�*�89'�-.':%<;�'=*�67*+,./	>2*�?3*@4�,.,�A.)+)541,./CB�'�> cp11 = 0 ' cp12 = 0 ' cp21 = 0 ' cp22 = 0
'D,./	,E?3/1,./F-.'HG�,.*I03*�B�'�> cp13 = 0 ' cp23 = 0 JK$&*�;�41,.,./L)+'D?202'�?2?3'M%�/1,.-.*+N�*+/1,�*.8&*+?O03'
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W�X



Y
Z5[]\@^�_a`cb�d]`�e�f�fhgId�i�i�e�j�k.l.m!b�f�bn^�oqp�e�jsrut�e�l&^�_aj�e�i

v i�i	Z�Y
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n
� �3z������3�L~�}u�h�H��}�z7����«
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3n
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3n × 3n
�.�H�P{5���H��z1�h�¢�

2n × 3n
���H�P{5�

��~5���&�3�3¯c�Ez��������<�H~��H~�{5�D~��D��{5���©�H}.�hz��3�
n
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�1~#�1~��E�H}&��~���}@�
3
¯��7z1����~��H~

3x3
���H�L{5�7�H��z1�h�¢�

2x3
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