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9.+.'U14;�5o7LA47L1@14-0A@;>/214;>50;R£TSY-87�a

14+.A@-o¦�503M'�583J3MA2?.;C'G7�14-l'.-8=�SYA@7:DE-l?G-0=>=C7!1@-8=>-0587:DE-0A47
CP i =C [p1,p2,p3]

T

i

ZQ§�/4/@+,a
DE;C7:DE3l5hg.-V;>=WDE3:143l?.-0=�A@3 N 3:1\/@;C7PBI;>'.503M=C7L143l/@+.=�9.;C7L'G3
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Ã�Ä>Å:Æ.Ç4È!ÉJÊ>ËMÌFÍ�ÎhÏhÐ�ÑRÒ�ÓOÓ8Ñ
< W > Ô�Õ ÎiÏhÐ�ÑFÓ8ÖL×�Ø�ÙUÑL×CÎlÑ:×KÏ4Ö:ÚhÖ Õ < C > Ô ÎEÛOÖoÖ�Ï@Ù:ØTÐ�Ñ Õ ÎÙJÎh×�Ï4ÖMÚhÖ Õ (ξ1, ξ2, ξ3)

ØTÐ Õ ÎhÏhÐ�Ñ�Ò�ÓOÓ8ÑMÜ

Ý Ï4Ö2ÞiÎOÛ Õ ØfÖLÐ�ßFÑ ÝUÝ ØTÐJà�áTâUã0ä.Ä�å�æ.æ�Ê åPÊ>Ë ç Υ : <3 → <2

Υ :C P i →

[

xi

yi

]

=





αx

Cpi
1

Cpi
3

αy
hi

Cpi
3





áfÉ,Ê>Ë�ç

ä.èoâUã
(xi, yi) é è:ê.èìë>ãwí8èJèMÇ2ä.ÄCêGÈ�î4ãcä.ã0ë>ë>ãwïYã8ÈLî@Æ.Ç@ã é�é Æ.ëjæ.ÄCÈ:ê.è¾Ä>ðEð6ÈLÅMÄ>ê.ã:Ê αx

ã
αy é èMê.ècÄ]æGÈLÇ4È:ðEãiî4Ç@Ä]ä.Ä�í8È:ë>Ä>ñ.Ç4È:ò0Ä>èMê.ã*ä.ã0ë>ëCÈ�î4ã0ë>ã8í8È:ðEã0Ç4Èwíhó.ã�Ç4È:æ.æ.Ç@ã é ã0êUîOÈ:ê.ècëCÈë>Æ.ê.ÅMó.ã0ò0òoÈEä.ã0ë>ëCÈEïTè,í8È:ë>ã é í8È:ëCÈLî@ÄKä.ã0ë Ý Ø<ô,Îh×�Ù:Ø�ß6ÎiÐ,ÓiØfÖLÐ*ÓoÛ4Ñ:×>Î�õiÑUÛ Õ ÖLÏ é Æ.ë>ë�ö Ä>ðEð6ÈLÅMÄ>ê.ãÇ@Ä é æ�ãiî@î4Ä<â:È:ðEã0êJî@ãjæ�ã0Ç\ë�ö È é4é ã x

ãVë�ö È é4é ã y
áTâUã0ä.Ä�å�æ.æ�Ê åPÊ>ËMÊ ÷ çhÊ

å é@é Æ.ðEã0ê.äGèlíhó.ãjëCÈlí0è,è:Ç@ä.Ä>êGÈLîOÈ Cpi
2

= hi é ÄCÈlê.è:î4È øQù�æ�è é4é Ä>ñ.Ä>ë>ã�Ä>êUâUã0Ç2î4Ä>Ç@ã�ë�Èã0ú�Ê�á ÉJÊ>Ë ç!ã0äûã é æ.Ç@Ä>ðEã0Ç@ã�ëCÈ�æ`è é Ä>ò8Ä>è:êGã�í0èMÇ@Ç2ã8êUî4ã CPi

î4Ç4È:ðEÄ<î4ã�ëCÈ�æ�è é Ä>ò8Ä>è:ê.ã�äGã0ë>ë>ãïYã8ÈLî4Æ.Ç2ã é Æ.ë�æ.ÄCÈ:ê.èEÄ>ðEðFÈ:ÅMÄ>ê.ã:øGèLî@î4ã0ê.ã8ê.ä.èIÌ
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áfÉ,ÊüÉMç

ý ÄKæ.Æ.þFê.è:îOÈLÇ@ãXíhó.ãXë�ö È é4é Æ.ê.ò8Ä>è:ê.ãXíhó.ãXë�ö È:ë<î4ã0ò0ò8ÈFä.ã0ë>ë>ãjïYã8ÈLî@ÆGÇ2ã é ÄCÈEê.è:îOÈEæ.Æ.þFã é@é ã8Ç@ãÇ@Ä>ëCÈ é í0ÄCÈLîOÈjï�È:í0Ä>ë>ðEã0êJî4ã]Æ é È:ê.ä.èPè é@é ã0Ç2â:ÈLò8Ä>è:ê.Ä�ä.ã8ë>ë>ã é î4ã é@é ã]ïYã8ÈLî@Æ.Ç@ã�äGÈPä.Ä<ÿWã0Ç@ã0êUî4Ä�æ�è��
é Ä>ò8Ä>è:ê.Ä�ãEÆ.ê�ö È:ä.ã0ÅMÆGÈLîOÈ	æ.Ç@èJí0ã0äGÆ.Ç@È	äGÄ�í8È:ë>Ä>ñ.Ç4ÈLò8Ä>è:ê.ãMøKèMæ.æ.Æ.Ç@ãFÆ é È:ê.ä.è�Æ.êGÈ	í0èMæ.æ.ÄCÈä.Ä�î@ã8ë>ã0í8È:ðEã0Ç@ã6á é î4ã0Ç@ã0èoâIÄ é Ä>èMê.ãoçhÊ
���



���	��
������������������������������� ��������!"���������$#����%�'&(���*)+�������,#���������-.���/)+021+�
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< W > I 476KJ%L 4�>@9<M79<6�= I 479<6 I 9<;�=?6�F:= I 476N E�=?J<JBAO;�=?J<JBAPF:=?>@6�A < C > N E�A76�;�4Q9<JR>@47S�47FUTV6�=?J<JBA I 4�6/G�M�E�>:A7W?9<476�=XG�6�A7J<=V;�=?8:9ZY;�=">:A�F[A/\]= I 4�6 Xw = Zc

=
Yw = Yc ^ W ξ =W [ξ1, ξ2, ξ3]

T ∈ <2 × S
>:A7_�_�>@=?8@="6�F[AJBAD_�4�8`F:E�>:AD;�=?J�>@4�S]47F ^ba 9<cH_�>@= I 9<8[A7CD=?6�F:= (ξ1, ξ2)

8:476�4dJ<= I 4�4�>@;�9<6�AeF:= I A7>`F:=?8@9BA76�=;�="J�_�E�6�F@4 I ="6�F:>:A7J<=f;�=?J<J%L 9<6�F:=?>:A78@8@=g;�=?J<J%L E�6�9 I 9 I J<4�\ = ξ3

TfJ%L 4�>@9<=?6�F:A7W?9<4�6�=f;�=?J<J%L E�6�9 I 9 I J<4F:>:AQJ%L A78@8:=
Zc

=hJ	L Ae8:8@=
Xw

\ I 4�CD=D>:A7_�_�>@=?8@="6�F[AeF@4H9<6iG�M ^ j�^<k ^Dl A N E�="8`F[AQ_�4�8@9<W?9<4eY6�=X9<6�9<W"9BAeJ<=nm/9<=?6�= I AeF`F:E�>:AeF[AdE�6�Ad9<CdCdAeM�9<6�=X>:A7_�_�>@=?8@="6�F[Ae6�F:=nE�6�Ad_�47>@W?9<4�6�=X;�=?J<JBA8 I =?6�A ^po 9BA76�4 W Pi =W [p1, p2, p3]
T
i

J<= I 4�4�>@;�9<6�A�F:=U;�=?J<JBAh9ZY.="8@9<CdAXq�="AeF:E�>@=U>@9<8@_�=rF@F:4A7J<JBAVF:=?>@6�AVG�8:8:A
< W > ^ts E/F@F:=uJ<=vq�="AeF:E�>@=?8g8@4�6�4hq�=?>@CD=u9<6 < W > ^

w 9<M�E�>:A j�^xj�y{z]|r}�~]�h�R�[�?� < W > �U� |�}�~����+�e�x�%���7�B|��e�p}[�7��� � < C > � |O}:|r�(� � ���7|� �+�e}@�e��~�� � |"�
� A$_�4�8@9<W?9<4�6�= I 4�>`>@=?6�F:=H;�="J<JBA�q�=+A�F:E�>@= CPi

6�=?J<J*AiF:=">`6�A�F:="J<= I A7CD=?>:A$TH9B6�>@=�YJBA7W?9<4�6�= I 4�6 W Pi

6�="J<JBA�F:=?>@6�AHG�8@8:A�CD=?;�9BA76�F@=OE�6�A�F:>:A78`q�47>@CdA7W?9<4�6�=P>@9<M�9<;�A���m�=?;�9G�M ^ j�^xj �[^
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W p2

W p3
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R
>:Ae_�_�>@=?8@=?6�F[AUJBAuCdA�F:>@9 I =�;�9�>@47F[A7W?9<4�6�=g;�9 ξ3

F:>@AuJBAvF:=">`6�A I 4�>@>@=?6�F:=g8:47J<9<;�A7J<=A7J]>@4�S]47Fb=�JBAuF:=?>@6�An;�9]>@9(q�=?>@9<CD=?6�F@4
< W >

��T�E�6�An>`47F[A7W?9<4�6�=�9<6�F@4�>@6�4VAeJ<J%L A78@8:=
Yc

\_�A7>:A7J<J<=?J<4QA7J<J%L A78@8@= I 478@F:A76�F:= Yw � = T
JBAdF:>:A78@JBA7W?9<4�6�=XF:>@AOJ<=V47>@9<M�9<6�9R;�=?9R8@9<8`F:=?Cd92;�9>@9(q�=?>@9<CD="6�F:4 y

R =







sin ξ3 0 − cos ξ3

0 1 0
cos ξ3 0 sin ξ3
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T =







ξ2 cos ξ3 − ξ1 sin ξ3

0
−ξ1 cos ξ3 − ξ2 sin ξ3





 ¬	�®x¯�°
±�²�³�´eµ:²�¶[·�¸f¹BºU»@´7µ[º7¼?²<´�³�¸f½�¸?¾�¸f¿:À�Á�²<»@¸gÀ�³�´u¿`Â%º7¿:º7ÃD¸?³�µ@´n½�²�À�¹(µ:¸?»@²<´�»@² π

2 Ä ¸?»@¶�·�Åg³�¸?¹<¹<¸¶?´�³�½�²<¼?²<´�³�²�Æ�³�ºe¹B²�¹<¸Uµ:¸?»@³�¸u¿@´�³�´D¿`Â%º7¹<¿:ºeµ:¸ ®Ç ¿ Ä ºe³�½�¸?³�½�´V¹BºX¸?È ®*¬ �® É ° ¸v»@²<ÃXÀ�´+¾�¸?³�½�´V¹BºX¿:¸?¶?´�³�½�ºX¸?È�À�ºe¼"²<´7³�¸�¶�·�¸�Â�´�»@³�²<¿@¶?¸v²<¹¾7º7¹<´7»@¸ ¬ ¶?´�¿`µ[º7³�µ:¸ ° ½�¸?¹<¹%Ê º7¹(µ@¸"¼?¼"ºh½�¸"¹<¹BºVÂ�¸"ºeµ@À�»`¸�Ë�¿:²�´7µ@µ@²<¸"³�¸7Ì
[

Cpi
1

Cpi
3

]

=

[

W pi
3

W pi
1

1 0
−W pi

1

W pi
3

0 1

]

b ¬	�® Í�°
½�´+¾�¸

b =











− cos ξ3

sin ξ3

ξ2 cos ξ3 − ξ1 sin ξ3

−ξ1 cos ξ3 − xi2 sin ξ3











¬	�®xÎ�°
Ï Ê ¸?È�À]ºe¼"²<´7³�¸H¸?È ®�¬ �® Í ° Â�´�»`³�²<¿:¶?¸  ¸?È�À]ºe¼?²B´7³�²g¿@¶"º7¹Bº7»@²f³�´�³Ð¹<²<³�¸+ºe»@²g²<³ É ²<³�¶?´�Ñ�³�²(µ:¸
(ξ1, ξ2, ξ3) Ä ¸?»f´�Ñ�³�²�Â�¸"ºeµ:À�»@¸u´7¿:¿@¸?»`¾7ºeµ[ºh¿@À�¹<¹%Ê ²<ÃdÃdºeÑ�²<³�¸ ®Ò »@²<Ñ�´7»@¸7Ëb²<¹ Ä »`¸"¶?¸?½�¸"³�µ:¸�¿@²B¿`µ:¸?Ãdº�¶?´�³Ð¿@´�¹<´  Â�¸+º�µ:À�»@¸?¿ Ä À�Ó�Â�´7»@³�²<»@¸�À�³�ºi¿:´�Ô¹<À�¼?²<´�³�¸ Ä ¸?»u¹BºQ¹<´�¶"º7¹<²<¼?¼"º7¼?²<´�³�¸D½�¸?¹Õ¾�¸?²<¶"´7¹<´�Ë2ºQ¶"´7³�½�²<¼?²<´�³�¸D¶[·�¸dº7¹<¶?À�³�¸D¶?´�³�½�²<¼?²<´�³�²Ñ�¸?´�ÃD¸rµ:»@²<¶[·�¸h¿:²Bºe³�´Q¿@´�½�½�²<¿`Â%ºeµ@µ:¸ ¬ ¹BºQ»@¸rµ@µ[ºO¶�·�¸ Ä º7¿@¿:º Ä ¸?»U² Ä À�³�µ:²Õ¶?´7»@»@²<¿ Ä ´�³�½�¸"³�µ:²º7¹<¹<¸DÂ�¸"ºeµ:À�»@¸?¿X²<³�¸?¿:º7ÃD¸P³�´�³,½�¸?¾�¸d¸?¿:¿@¸"»`¸ Ä ¸?» Ä ¸?³�½�²<¶"´7¹Bº7»@¸Oºe¹ Ä ²Bº7³�´�½�²pÃD´eµ:´�½�¸?¹¾�¸?²<¶?´�¹<´ °[®pÖ ¾�¾/²Bº7ÃD¸?³�µ:¸U¿@²�º7¶?È�À�²B¿@²<¿@¶"¸v»@´�Á�À�¿`µ:¸"¼?¼"ºVÀ�¿[ºe³�½�´hÀ�³�ÃdºeÑ�Ñ�²<´7»f³�À�ÃD¸"»@´h½�²Â�¸"ºeµ:À�»`¸"¿ ®t× »@¸?³�½�¸?³�½�´u²<³D¶?´�³�¿@²B½�¸?»:ºe¼"²<´7³�¸ n ≥ 4

Â�¸"ºeµ:À�»@¸?¿?Ë�¹<¸f²<³�¶"´7Ñ�³�²(µ:¸g¶?´7»@»@¸?³�µ:²�½�²
Ä ´7¿:²<¼?²<´�³�¸u¸u´�»@²<¸?³�µ[ºeÃD¸"³�µ:´ W ξ

½�¸?¹<¹%Ê À�³�²<¶"²<¶?¹<´ Ä ´�¿@¿:´�³�´D¸"¿@¿@¸"»`¸u¾7º7¹<À/µ[º�µ:¸u»@²<¿:´7¹(¾�¸?³�½�´¬ ³�¸?¹�¿@¸?³�¿:´D½�¸?²�ÃD²<³�²<ÃD²�È�À�º7½�»:º�µ:² ° ²<¹�¿@²B¿`µ:¸?Ãdºh¹<²<³�¸"ºe»@¸�Ì


















Cp1

1

Cp1

3®®®
Cpn

1

Cpn
3



















=



















W p1

3

W p1

1
1 0

−W p1

1

W p1

3
0 1®®® ®®® ®®® ®®®

W pn
3

W pn
1

1 0
−W pn

1

W pn
3

0 1



















b ¬	�® Ø�°

Ù ¹ Ä »@´7Á�¹B¸?Ãdºgº7ÃDÃD¸?µ`µ:¸¿:´7¹<À�¼"²<´7³�¸ Ä ¸"»�´�Ñ7³�² Ä ´�¿@²<¼?²B´7³�¸½�¸"¹7¾�¸?²<¶"´7¹<´�²<³ <2×S
Ë Ä À�»`¶�·�Å¹<¸

n ≥ 4
Â�¸+º�µ:À�»@¸?¿t³�´�³Dº Ä�Ä º7»`µ:¸?³�Ñ�ºe³�´uº7¹ Ä ²Bºe³�´ Ä ¸"» Ä ¸?³�½�²<¶?´�¹Bºe»@¸gº7¹ Ä ²Bº7³�´U½�²�ÃD´eµ:´ ®Ú ³�ºO¾�´�¹(µ[ºO¶+ºe¹<¶"´7¹Bºeµ:´

b
Ë�²R¾7º7¹<´�»`²

(ξ1, ξ2, ξ3) Ä ´�¿@¿@´�³�´�¸?¿@¿:¸?»@¸VÂ%ºe¶"²<¹<ÃD¸?³�µ@¸D¶"ºe¹B¶?´7¹*º�µ:²²<³�¾�¸?»`µ:¸?³�½�´D¹Bºh¸?È ®*¬ �®xÎ °�®
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ξ1[k + 1] = ξ1[k] + u1[k] cos(ξ3[k]) + ω1[k]
ξ2[k + 1] = ξ2[k] + u1[k] sin(ξ3[k]) + ω2[k]
ξ3[k + 1] = ξ3[k] + u2[k] + ω3[k]
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z1[k] = ξ1[k] + υ1[k]
z2[k] = ξ2[k] + υ2[k]
z3[k] = ξ3[k] + υ3[k]
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ω1(t)
ω2(t)
ω3(t)
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sin ξ3 0 − cos ξ3 ξ2 cos ξ3 − ξ1 sin ξ3

0 1 0 0
cos ξ3 0 sin ξ3 −ξ1 cos ξ3 − ξ2 sin ξ3

0 0 0 1
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]j^4NC_#^D`

G :C,4g/i
Cpi

1 =W pi
1 sin ξ3 −

W pi
3 cos ξ3 − ξ1 sin ξ3 + ξ2 cos ξ3

Cpi
2 =W pi

2
Cpi

3 =W pi
1 cos ξ3 +W pi

3 sin ξ3 − ξ1 cos ξ3 − ξ2 sin ξ3

con i = 1, . . . , n
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zi
1 = h2i−1(x) = αx

Cpi
1

Cpi
3

= αx

W pi
1
sin ξ3−

W pi
3
cos ξ3−ξ1 sin ξ3+ξ2 cos ξ3

W pi
1
cos ξ3+W pi

3
sin ξ3−ξ1 cos ξ3−ξ2 sin ξ3

+ υ1(t)

zi
2 = h2i(x) = αy

Cpi
2

Cpi
3

= αy

W pi
2

W pi
1
cos ξ3+W pi

3
sin ξ3−ξ1 cos ξ3−ξ2 sin ξ3

+ υ2(t) ]j^4NC_�p4`
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ÆEÇ8È&É&ÊCËFÌHÍ�Î�ÏPÐLÍ�Ñ=Ç8È&Î-Í/ÒZÓ�ÔVÆ-ÊCÆEÇ8Í�ÕFÑPÉ&ÊCÆ-Ö�ÎEÍ�Ç8ÊC×�×�Ñ=Ç8Ë3ØIÊCÔ�Æ-Í�Ù/È&Í�Ú�Ç8Í/Û






























































































































S1[k + 1] = S1[k] + u1[k] cos(S3[k]) + ω1[k]
S2[k + 1] = S2[k] + u1[k] sin(S3[k]) + ω2[k]
S3[k + 1] = S3[k] + u2[k] + ω3[k]
S4[k + 1] = S4[k]
S5[k + 1] = S5[k]
S6[k + 1] = S6[k]
S7[k + 1] = S7[k]
S8[k + 1] = S8[k]
S9[k + 1] = S9[k]
S10[k + 1] = S10[k]
S11[k + 1] = S11[k]
S12[k + 1] = S12[k]
S13[k + 1] = S13[k]
S14[k + 1] = S14[k]
S15[k + 1] = S15[k]

ÜrÝ ÒCÞ#ßDà

É&Ë"á�Í u1[k] Í u2[k] Æ-ËDÚ&ËWÙ/ÔCÊ�ÊCÚ�Ù/Î-Í�Æ8Æ-Ê�Í}Î8Ñ/Ì&Ì&Î-Í�Æ8Í�Ú�ÇcÑ/Ú&ËIÎ-ÊCÆ8Ì�ÍSÇ-Ç8Ê�á/Ñ=Õ3Í�Ú�Ç8Í}ÔCËWÆ-Ì�ËDÆEÇcÑ#â
Õ3Í�Ú4Ç8Ë3ÔCÊCÚ&Í�Ñ/Î-ÍKÍWÑ/Ú&Ù/ËDÔ<Ñ/Î-ÍKÉ�Í�Ô�Î-ËDã�Ë=Ç�Ú&Í�ÔCÔrä ÊCÚ4Ç-Í�ÎEá/Ñ=ÔCÔCË3É&ÊVÖ�Ñ/Õ3Ì&ÊCËDÚ�Ñ/Õ3Í�Ú�Ç8Ë&Ò

å Â�Â/µ�´±µjæèçaé�êFë�ì4íSé é<ëAì4íSé éCî>ì/ï�ðHî/êPïrñ8î>ì4íSé�éEò ó�ð�ïjñSïrñSé<ë[ó�ôjï éõïCöcö"î=ô�ëQ÷&íSøPéCîP÷�ø8í8ì=ïCö�ïjë=ð�í
ð±íaé�é-ò ù�úKûýüeôvî/ð�ô�ëI÷�ï�þAï�ê�÷�ø8ícñSïCÿ"ë���ó&î/ð&ô�ëI÷Hï�þXü��/íSé<ë�ñcíeï�é�ø8ë��aë#ôhøaïCÿ�÷�íSôrô�ëYî/é�éCî��cø8í	�
��ó�íSð4ö"îQì/ï�ñ8î/êf÷Hïjë=ðHî/ê6íað�ô�ëQì�íSé�ÿSï<ÿSô�íSê3î�
�WíSé=÷�ø8ë���éCíSêFîPícÿ�î/êPï ð�î/ô�ëIó�ð(éõï êPï�ô�í�÷�íSø
ï�é�ô�íSêf÷&ëFì=ï�ñ8î=êf÷Hïjë=ð�î=ê6íSð&ô�ëFüIì�î=ô�ë3ì�î=é��cø-î=ê6í	�vø8î=ô�íIì�íSé�éCîPô�íSé<ícñ8î=ê6íSø-î6ñ���íIì/ï ÷�íað��
ì4ífÿ"ëc÷�ø-î=ôjôró�ôrô�ëFì�î/é�éCî3éõó�êPï�ð�ë"ÿSï�ô��(ìDî/é�é-ò î/ê��SïjíSð�ô�í�
��WíSé�é<ífÿSï�ôró�î�ö�ïjë=ð&ï�ì/ï�ï ð�ô�íSø8ícÿcÿ"íKï�é
�cø-î/êFí	��ø-î=ô�í��=î/øaïrî(ì�î

6 − 7f ps � ð±ë6î
30 − 32f ps
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β1 =W p1

1 sin ξ3 −
W p1

3 cos ξ3 − ξ1 sin ξ3 + ξ2 cos ξ3

β2 =W p1

1 cos ξ3 +W p1

3 sin ξ3 − ξ1 cos ξ3 − ξ2 sin ξ3

β3 =W p2

1 sin ξ3 −
W p2

3 cos ξ3 − ξ1 sin ξ3 + ξ2 cos ξ3

β4 =W p2

1 cos ξ3 +W p2

3 sin ξ3 − ξ1 cos ξ3 − ξ2 sin ξ3

β5 =W p3

1 sin ξ3 −
W p3

3 cos ξ3 − ξ1 sin ξ3 + ξ2 cos ξ3

β6 =W p3

1 cos ξ3 +W p3

3 sin ξ3 − ξ1 cos ξ3 − ξ2 sin ξ3

β7 =W p4

1 sin ξ3 −
W p4

3 cos ξ3 − ξ1 sin ξ3 + ξ2 cos ξ3

β8 =W p4

1 cos ξ3 +W p4

3 sin ξ3 − ξ1 cos ξ3 − ξ2 sin ξ3
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z1
1 [k] = αx

β1

β2

z1
2 [k] = αy

wp1

2
[k]

β2

z2
1 [k] = αx

β3

β4

z2
2 [k] = αy

wp2

2
[k]

β4

z3
1 [k] = αx

β5

β6

z3
2 [k] = αy

wp3

2
[k]

β6

z4
1 [k] = αx

β5

β6

z4
2 [k] = αy

wp4

2
[k]

β6

CEDGFIH;J�K

L =M=�N$OQP+>R@�SUTWVX?YN β1
N β2

=MT�ZYTWOM>I=M[.N	\M\�> P�@�SUN$ZG\�N7]R@^V$T+T�OM_Y>IZ�@`\a@ Cp1
1

N7]R@^V$T+T�OM_Y>IZ�@`\a@
Cp1

3
N$=�[YOMN$=M=�Nb>IZc\�N$OMZ�@ed�=�=�@BfYN�V$T�=hgiP+>R@ F

j ]I>3k�@�V$T�lY>R@�ZY>�_�@nmB\�>I]I>Io�o�@�OMNbZYN�]pd�] \�OMTU=MT�ZYTYA

A =
∂ f

∂ S
=

























1 0 − sin(x3[k])u1[k]
0 1 cos(x3[k])u1[k] q q q q
0 0 1q r q q qq q r q qq q q r qq q q q r

























W =
∂ f

∂ ω
=















rsqtqtqtqquqtqtqtqquqtqtqtqquqtqtqtqquqtqtqtq















H =
∂ h

∂ S
=













































αx
β1 cos ξ3−β2 sin ξ3

β2

2

αx
β1 sin ξ3+β2 cos ξ3

β2

2

αx
β2

1
+β2

2

β2

2

−H(1, 1)

αy

W p1

2
cos ξ3

β2

2

αy

W p1

2
sin ξ3

β2

2

αy

W p1

2
β1

β2

2

−H(2, 1)

αx
β3 cos ξ3−β4 sin ξ3

β2

4

αx
β3 sin ξ3+β4 cos ξ3

β2

4

αx
β2

3
+β2

4

β2

4 v
αy

W p2

2
cos ξ3

β2

4

αy

W p2

2
sin ξ3

β2

4

αy

W p2

2
β3

β2

4 v
αx

β5 cos ξ3−β6 sin ξ3
β2

6

αx
β5 sin ξ3+β6 cos ξ3

β2

6

αx
β2

5
+β2

6

β2

6 v
αy

W p3

2
cos ξ3

β2

6

αy

W p3

2
sin ξ3

β2

6

αy

W p3

2
β5

β2

6 v
αx

β7 cos ξ3−β8 sin ξ3
β2

8

αx
β7 sin ξ3+β8 cos ξ3

β2

8

αx
β2

7
+β2

8

β2

8 v
αy

W p4

2
cos ξ3

β2

8

αy

W p4

2
sin ξ3

β2

8

αy

W p4

2
β5

β2

8 v
�xw



y�z7{p|;}Y~(�����*����}Y�G�*�.�3�����.���3�����3}���$�G���.�.���i�

0 −H(1, 2) � � �
αy

β2
−H(2, 2) � � �

−H(3, 1) 0 −H(3, 2) � �
−H(4, 1)

αy

β4
−H(4, 2) � �

� −H(5, 1) 0 −H(5, 2) �� −H(6, 1)
αy

β6
−H(6, 2) �

� � −H(7, 1) 0 −H(7, 2)� � −H(8, 1)
αy

β8
−H(8, 2)































V =
∂h

∂υ
=





























1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
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9�61452�N19�ù<:�OPBQ956�;�ùI9�ö3.R:I2M;I;K2M:�ö3:<;K95B�ú>S�SUTV:�ö3B�ø1.RúW.RúXNYö36�úMBUö34�úWN195.3.39ZY[9�úJ;�øYùI9
:Mø1.
\ öRúM612Uö3BQB�ú�÷�ö3619�ü
�����! # "�^]_]Q`
a ø195:I;K2W/1.32b45452 \ ùI9561N19�ö36 ö36Y÷�ùI95:I:K2 öR4�2M6�;�ùI2M.3.IöRN�úJ;�öÞúM.£ùI2M/2M;c9
Ned ö36 ø1:K4$öf;aúX.Rú
\ 2�:Mö3g$ö32�619 úJ;<;�ø�úM.390N195.3.39hY[9�úJ;Mø�ù<90:�ø1. \ öRúM612Uö3BQB�ú�÷�ö3619�ü
i îUjlk<è+ñ�ñ�ë þ

•
452�6�;�ùI2�.3.Iö

(u1, u2) m

•
\ 2�:�ö3g$ö32�619bö36Yö	g$öRúJ.	9hN19�.3.39DY[9�úJ;�øYùI90:Mø1. \ öRúJ612�ö3BQB�ú�÷�ö3619 (

xi0

yi0

)

\ 9�ù
i = 1 . . . 4 m

n ñ�o�ë9ò;è þ

•
\ 2�:�ö3g$ö32�619�úJ;I;�ø�úJ.	9hN19�.3.39DY[9�úJ;�øYùI90:Mø1. \ öRúJ612�ö3BQB�ú�÷�ö3619 (

xi

yi

)

\ 9�ù
i = 1 . . . 4 m

p é*ó1qÛälk<ó1rGë*ä.î3è þ

• s úJ4�2M/YöRúM612Uö3BQB�ú`÷�ö3619 [

ẋi

ẏi

]

=





xiyi

hiαy

α2
x+x2

i

αx

y2

i

hiαy

xiyi

αx





[

u1

u2

]

N12tC�9
(u1, u2)

:I2�612�öl452�6�;�ù<2�.3.Iöu=�C�95.32b4$öf;vdw.Iö3619�ú�ùI9x9 úJ6�÷M2�.Rú�ù<9�@HN�úJ;MöpúJ..ùI2M/2M;�üPy8:I9�z
4�2M61N�ú0N195.e4�2M6�;K95:<;K21O�;K95B \ 2w452�6�;�ö36Gø12w20;K95B \ 20N�ö3:I4$ùI9�;K21O�.39�612M;aúMg$ö32M6�ö

u1
9

u2
úM:�z

:�ø1BQ2�612x:�öI÷�6Yöf?e4�úJ;�ö�NYöfC�9$ùI:Mö�þU619�. \ ùMö3BQ2{4�úM:I2�ù�ú \1\ ùI95:I9�6�;aúM612�C�95.	2�4$öf;vdc=
[mm/sec]

9
[r ad/sec]

@�ObBQ9�6�;�ùI9x619�.l:I9�452�61N12�ö361NYö34�úM612�öxùI95.9ú�;�öfC+ö: \ 2�:<;aúMBQ956�;MöP=
[mm]

9
[r ad]
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�L�H�{�{�<�"���,�{���<�x�<�"�<�H�<�_�_�Q�
�u�5���t J¡3�5¢�¡	 M�I�w¡	 Q£¢M¤K¥3¦5¥3¢�§1�w¥3§1¥3¦5¥	 M¡3�w¨1�5¡3¡3�0©[�� JªK«1�I�w¤I«1¡U£1¥	 M§1¢Z¥3¬Q¬Z M�¥3§1�w¤I¥U�5¤K�5M«e�
¡	 �¤K�5M«e�5§�ªK�0�5¡	 M®l¢��K M¦5¥3¢�§1�M¯

•
�¡3¥|¥3§1M�I��¤I¤I¥|¤I¢�§1¢1¯
° ¡	 �£¢M¤K¥3¦5¥3¢�§1�0¥3§1¥3¦5¥	 M¡3�h¨1��¡#�I¢�®l¢Mª

(ξ10, ξ20, ξ30) ±
° ¡	 {£l¢�¤I¥	¦5¥3¢M§e�)¨1��¡3¡3�R©[�� JªK«1�I�)�I¥3¤I£�5ª<ªK¢h M¡3¡	 xªK�5�I§e x²e¤I¤v 

W (P1, P2, P3, P4) ³
•
¤K¥u�� J¡3��¢M¡	 A¬Q�5¨1¥	 M§�ªI�c¡	 A¬Z �ªK�I¥3�5�c¨1¥�ªK�K M¤<©[¢M�I¬Z M¦5¥3¢�§1�´ªK�K 
¡	 
ªI���I§e Z²e¤I¤v 
�c¡	 

ªK���<§l �¤I¢�¡3¥3¨e M¡3�0 M¡#�I¢�®¢Jª�¯










Cp1
Cp2
Cp3

1











=

[

R T
0 1

]











W p1
W p2
W p3

1











¨1¢tµ��0£�5����¤<ªK�5¤K¢*¯

° R =







sin ξ30 0 − cos ξ30

0 1 0
cos ξ30 0 sin ξ30





 ¶ ¡	 
¬Z �ªK�I¥3�5�´¨1¥��I¢Jªv M¦5¥3¢�§1�wªK�K Z¡3�´¨1«1�
ªK�5�I§1� ±

° T =







ξ20 cos ξ30 − ξ10 sin ξ30

0
−ξ10 cos ξ30 − ξ20 sin ξ30





 ¶ ¥3¡uµ��5ªIªI¢��I��¨1¥�ªK�K M¤I¡	 M¦5¥3¢�§1�cªK�K A¡3�
¨1«1�hªI���<§e� ±

•
¡¸· «1¤I�5¥fªv !¤K¥M¢MªIªK¥3�5§1�H¬Q��¨1¥	 J§�ªK�P¡¹ !�I�5¡	 M¦5¥3¢�§1�H£1�I¢M¤K£l�5ªIªI¥	�� b¯ [

xi0

yi0

]

=





αx

Cpi
1

Cpi
3

αy
hi

Cpi
3
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º�»�¼�»�º ½ �<�!¾"¾#�%¿lÀ{ÁuÂÃÄÂÆÅ1Ç_È�ÂÃlÄJÈ�Â*É#Ê�ËvÁPÂ'ÈhÃbÅ*ÌeÂ*É#Ê�Ë�ÅHÀ
Í �U�l�t�b�t��� ¯

•
£¢�¤I¥3¦�¥3¢M§1�w JªIªI«l J¡3�0¨1�5¡3¡3�h©[�� JªK«1�I�h¤K«1¡#£1¥	 M§1¢Q¥3¬Q¬
 J�¥3§1� (

xi

yi

)

£�5�
i = 1 . . . 4 ±

Î �����¹��� ¯

•
£¢�¤I¥3¦�¥3¢M§1�0¨1�5¡3¡	�D©[�� JªK«1�I�h�I¥3¤K£��ªIªK¢Z J¡3¡	 cªK���<§l �¤I¢�¡3¥3¨e M¡3�0 M¡#�I¢�®¢Jª
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CP2
CP3
CP4
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Cpi
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Cpi
2

Cpi
3
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αy

αx

hixi
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hiαy

yi









ç�è�é�è[ê ë�ì�í!î"î#í%ï´ð|ñ*ò,ó¸ô<õ|ò,ö�ô5ðP÷
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Mÿ�������
����	ý��1ú�û<ü�
Jü�����
��1ú�ÿ��Iý�þlýMü�
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��<ü����Iú
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Mÿ3ÿ3ú��5ý�ý���������
JüKú �eú5ÿ3ÿ3ú !�ú�
�üKù��Iú5û"�1ú�ÿ3ÿ
cüKú�����
$#&%&'�(
) à+*�,�Øbã�ã�Ü.-

•
%)ý�ý���������
JüKú/�1ú�ÿ3ÿ3ú/!�ú�
�üKù��Iú5û������ú�üIüKý0
Mÿ3ÿ
AüKú�����
 ûIý�ÿ�����
Mÿ3ú1
Jÿ2�IýMþýMü - CPi

�lú��
i = 1 . . . 4 34 ã�5�Ü¹ätØ�-

• 6 ý���
Mÿ�������
����3ý��1ú��1ú5ÿ7�IýMþýMü (ξ1, ξ2, ξ3) 38 Ù�å�9HÕ�,�å�:�Ü�ÕàUØ�-

•
û��7��
��<üKú���




















Cp1
1

Cp1
3(((

Cp4
1

Cp4
3



















= A ∗ b

�1ý���ú
A =

















W p1
3

W p1
1 1 0

−W p1
1

W p1
3 0 1

. . . . . . . . . . . .
W p4

3
W p4

1 1 0
−W p4

1
W p4

3 0 1

















ú
b =











− cos ξ3

sin ξ3

ξ2 cos ξ3 − ξ1 sin ξ3

−ξ1 cos ξ3 − ξ2 sin ξ3











3

•
��
/�5ù��|û��7������
���


b = A†



















Cp1
1

Cp1
3(((

Cp4
1

Cp4
3



















3

•
ÿ3úhú�;�ù�
����3ý����<��
=���3ûIý�ÿ>��ú��<ú0ûKý��1ý=;bù�������� -



















− cos ξ3 = b1

sin ξ3 = b2

ξ2 cos ξ3 − ξ1 sin ξ3 = b3

−ξ1 cos ξ3 − ξ2 sin ξ3 = b4

•
���?��
��<ü����5ý�ÿ
��Iú -











ξ1 = b1b4 − b2b3

ξ2 = −b1b3 − b2b4

ξ3 = atan2(b2,−b1)
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��p�u�q�u�t=m	{�q�o<s�r�z�r=o<s�m�v�~�m�zP{�o7p�m�qZ{�~�{�{�m |�m�s�o�tk~�|u���o�r�z�oM�

• � m�t=pAr=��o7s�o�tk~�|�u���o�r�z�m������.�P�/s�m�y

• � {�m�p?s�o���m���������s�m�y

• � r�|>�Pm�q�������m����L��~�|�m�q��

� y�m�v�|�ou�t=r1~�z�u/�Lq�m���~�m�z���u=��o7y�u�t=p�o�r�z�u�t=m�z�{�r=��o 10Hz
p�m�q�{�m�z�m�q�m�y�r�zP{�r1��o7~�z

� u�s�s�r/�Oq�u�t=m��.q�ux{�m���m�|�|u}{�m�|�m�y�u�t=m�q�u0�O�Pm���o<r�s�s�� ����� ���
����ux{�o�q�m�|ux{�o>��o�u�|�|�m��Om�ux{�~�q�m�s0m���u�||�m�y�r�z���o���o�r�z�o�o�z�o���ou�|�o���m�| q�r � r�{�s�r�z�r�o

s�m�v�~�m�zP{�o<pAm�q�{�~�{�{�m�|�m�s�o�t}~�|u���o�r�z�oM�

• ξ10 = −300mm ξ20 = −255mm ξ30 = π /3rad

• W P1 = [80 25 40]mm W P2 = [100 −20 80]mm W P3 = [100 −30 15]mm
W P4 = [80 35 − 15]mm

� |���m�o�y�r�|�r���o�m�z�m&��u�{�rk~�z�y�r�zP{�q�r�|�|�r}u���u�z�m�|�|�r/u�pAm�q�{�rky� �m&|�r}u�����o�y�o�z�uku�|�|M¡ r�q�o�v�oz�m
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§�¨L©"¨«ª ¬��®°¯&±�²2³F�´�µn¶·ª
¸ YJ¹ºQ�[�S»X�Y]KLKOSU¹¼IMX�Y+[�S¾½ m�q$r�v�z�o�y�r�r�q���o�z�u�{�u¿��m�|�p�~�z�{�rÀs�~�|�|M¡ o�t1t1u�v�o�z�m�s�o Á

u�v�v�o~�zP{�r=~�z0q�~�t1r�q�m�v�u�~�s�s�ou�z�r=��o7t=m���ou/z�~�|�|u/m ��u�q�ou�z���u
σ2 = 4pixel Â

¸ YJ¹ºQ�[�S»X�Y]KLK.Ã>Q7Ä+QA¹ºSPE�[�IOG
σ2

l = 1mm
pAm�q�|�rÅs�pAr�s�{�u�t=m�z�{�rÅ|�o�z�m�u�q�m�m

σ2
a =

0.005rad
pAm�q�|�r1s�pAr�s�{�u�t=m�zP{�r1u�z�v�r�|u�q�m Â

Æ G�E�[�ILT�IZÄ]I�T�Q�V�G�[�IOG�R+NPG �
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100 0 0 0 . . . 0
0 100 0 0 . . . 0
0 0 10 0 . . . 0
0 0 0 0 . . . 0
. . . . . . . . . . . . . . . . . .
0 0 0 0 . . . 0





















• R = 0.1 ∗ eye(8)
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• R = 0.001 ∗ eye(8)
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